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TWO-STAGE CHAIN SAMPLLNG INSPECTION PLANS 
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by 
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and 
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INTRoDUcrION 
In  previous reports18 2, 3 9  4 a generalized f a m i l y  of two-stage chain sampling 
inspec t ion  p lans  w a s  presented. Conditions f o r  t he i r  use w e r e  also discussed. 
Tinis r epor t  conta ins  a f u r t h e r  genera l iza t ion  of these p lans  witn p a r t i c u l a r  
a t t e n t i o n  t o  the  spec i f i ca t ion  of t n e  sample sizes used i n  the  d i f f e r e n t  stages 
of t h e  criteria. Previous plans s p e c i f y  t h e  use of t he  same sample size i n  
both stages. 
i n  t n e  t w o  stages. 
The plans presented here  call  €or the use  of d i f f e r e n t  sample s i z e s  
Wnile t h i s  modification results i n  a variable amount of inspec t ion ,  it nas 
c e r t a i n  advantages. I n  f a c t ,  i t  seems l o g i c a l  to  requi re  a l a r g e r  sample during 
i n i t i a l  s ta r t -up  and following re jec ted  l o t s ,  for, i n  p r a c t i c e ,  it o f t e n  
nappens t ha t  defec t ive  lots  occur i n  bunches. Under these condi t ions i f  a 
de fec t ive  l o t  i s  found, as suggested by a r e j e c t i o n ,  t n e  succeeding l o t s  
warrant closer inspect ion.  I n  p r inc ip le ,  the inspec t ion  procedures for 
botn t b e  m i l i t a r y  s tandard p l ans  (lAIL-SIp-105D 1, and t h e  continuous sampling 
p lans  (such as CSP-1 ) also incorporate  i n t e n s i f i e d  inspec t ions  during per iods 
of poss ib ly  excessive defectiveness.  




MIL-Sl"W105D provides fo r  "Tightened 
This report i s  based i n  p a r t  on work being done i n  preparat ion of a 
doc to ra l  t h e s i s  a t  Rutgers-The S ta t e  Universi ty .  
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100% inspect ion ( t o  t h e  ex ten t  of c l ea r ing  i consecutive u n i t s )  fol lowing 
the  occurrence of a defec t ive  during sampling. 
. 
Comparisons of t h e  new plans with those  having t h e  same parameters 
but a s i n g l e  sample s ize  i n d i c a t e  t h a t  improved d iscr imina t ion  i s  achieved 
by t h i s  two-sample-size procedure. The eva lua t ion  of t h e  new plans  i s  
ca r r i ed  out  using the  framework of t h e  theory descr ibed i n  a previous repor t .  3 
GENERAL PLAN AND OPERATING PROCEDURE 
The general  plan and opera t ing  procedure are t h e  same as descr ibed i n  
the  above-mentioned previous repor t s .  The parameters designat ing t h e  number 
of samples over which cumulation t akes  p lace  i n  th'e d i f f e r e n t  s t ages  i o e o ,  
k l  and k2, and t h e  parameters designat ing t h e  allowable number of de fec t ives  
i n  t h e  associated cumulative r e s u l t s  i.e., C1 and C2, remain t h e  same. 
parameter designating t h e  sample s ize . i . e . ,  n, i s  now defined separa te ly  f o r  
The 
each of t h e  two  stages--namely nl and n2. 
For purposes of i l l u s t r a t i o n  and completeness, a modified schematic of 
t h e  opera t ing  procedure given i n  the  previous r e p o r t s  i s  shown i n  Fig. 1. 
The following designat ions are used i n  t h e  schematic t o  descr ibe  t h e  
operat ion of the sampling procedure: 
die- the number of de fec t ives  i n  t h e  i t h  sample. 
Di--the cumulative number of de fec t ives  a t  t h e  i t h  sample, with 
cumulation performed as shown 
1 Here t h e  de f in i t i on  of Di d i f f e r s  from t h a t  used i n  t h e  ear l ier  repor t .  
I 
I 
If D i  > C2, If Di 5 C2, 
A l  reject and  restart. I a c c e p t  and  continue. 
<i.e., i n c r e a s e  i 1) 
I 
(i.e., reset i=l) 
I 1 
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Take a sample of nl. 1 
Take a sample of n2. 
kz-1 
Record d i  and Di = .C d 
J* i-j- 
i.e., Di  is a moving total  




I f  D i  S C2, I f  D i  > C2, A L  
l r i S k l  . I 
- 
I 
If  Di  5 C i D  I f  D i  > C I D  
A L  
reject and restart. rn accept and  c o n t i n u e .  
(i.e., increase i by 1) (i.e.D reset i=l) 
i 
1 
reject and restart accept and c o n t i n u e .  
+ 1 r e s u l t s  f o r  i > k2 . I 
j (i-e., increase i by 1) u(i.e.D reset i=l) 
Fig. 1 Flow Chart of Operations, Two-Stage Chain Sampling Plan 
with Dif fe ren t  n, i.e. n1 and n2 
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DESIGNATION OF PLANS 
It i s  of course poss ib le  t o  ass ign  a large number of d i f f e r e n t  va lues  
t o  t h e  s i x  parameters which make up a plan. To f a c i l i t a t e  d i scuss ion  t h e  
genera l  system of designat ion def ined before  w i l l  again be used, with 
ChSP(nl,n2)-C1,C2 designat ing t h e  "Chain Sampling Plan with Di f f e ren t  
n,  i .e.  n and n 11 with cumulative-result  acceptance numbers C1 and C2: 1 2 
Designation 
In  r e f e r r i n g  t o  a s p e c i f i c  plan,  t h e  values  of t h e  parameters i n  t h e  
above order  w i l l  be enclosed i n  parentheses  e.g., (20, 10; 1, 2; 0, 2) des igna tes  
the  ChSP(nl,n2)-0,2 plan having parameters: 
c1 = 0, c2 = 2. 
four  bas ic  parameters, when nl and n2 are c l e a r l y  implied. 
n1 = 20, n = 10; kl = 1, k 2 2 = 2; 
On occasion it w i l l  be convenient t o  abr idge t h e  nota t ion  t o  t h e  
EVALUATING OPERATING CHARACTERISTICS 
The operat ing c h a r a c t e r i s t i c s  of t h e  present  procedure are r ead i ly  evaluated 
us ing  t h e  Markov chains  developed f o r  eva lua t ing  t h e  ChSP procedures of t h e  
previous reports .  
p robab i l i t y  a funct ion of t h e  parameters nl and n2, depending on whether t h e  
The only necessary modif icat ion i s  t o  make each t r a n s i t i o n  
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t r a n s i t i o n  involves t h e  first or  second s t age  of t h e  c r i t e r i a ,  In  genera l ,  
11 11 t h e  t r a n s i t i o n  p r o b a b i l i t i e s  from those states not involving an R (denoting 
a r e j e c t i o n )  w i l l  always be func t ions  of n2 only, s ince  t h e s e  states are reached 
only  wnile i n  t h e  second s t age  of t h e  criteria. The t r a n s i t i o n  p r o b a b i l i t i e s  
I* 11 from state R w i l l  always be func t ions  of n1 only, s ince  a r e j e c t i o n  r equ i r e s  
a r e t u r n  to t h e  f i r s t  stage of the  criteria. The t r a n s i t i o n  p r o b a b i l i t i e s  
from o t h e r  states involving an R, e.g., (RO, R 1 ,  R 2 ,  ROO, R 0 1 ,  R 1 0 ,  R02, R02, 
R 0 0 0 ,  etc.)  w i l l  be func t ions  of nl or n depending on t h e  parameter kl. 
t h e  number of sample outcomes contained i n  a state involving a r e j e c t i o n  (R) 
When 2 
are equal t o  o r  g r e a t e r  than kl + 1, t r a n s i t i o n s  from such states w i l l  be 
func t ions  of n2. But when t h e  number of sample outcomes contained i n  a state 
involving a r e j e c t i o n  (R) are less than kl + 1, t r a n s i t i o n s  from t h e s e  states 
w i l l  be func t ions  of n To i l l u s t r a t e  t h e  s i t u a t i o n  f o r  states involv ing  an 
R o t h e r  than t h e  state "R" i t s e l f ,  t he  following examples are given. 
1' 
Example 1 
L e t  kl = 1, k2 = 4; C1 = 0 ,  C2 = 2. 
S t a t e s  involving an R o t h e r  than t h e  state "R" itself are:  
ROO 
RO1} number of sample outcomes contained i n  each state equal 3, 
R02 
RO - number of sample outcomes contained i n  t h i s  state equal 2. 
The number of sample outcomes contained i n  each of t h e s e  states 2 kl + 1 = 2. 
Hence t r a n s i t i o n s  from t h e s e  states are func t ions  of n2, s ince  passage t o  
t h e  second s t age  of t h e  c r i t e r i a  t akes  p lace  with t h e  occurrence of zero  
de fec t ives  following a re jec tkon  (i.e.,  kl = 1). The poss ib l e  t r a n s i t i o n s  
from t h e  above states i n  accordance with t h e  given acceptance cr i ter ia  are 
as follows: 
2 PROO,OOO = Probab i l i t y  of zero de fec t ives  i n  n 
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d 
pROO,OO1 = Probab i l i t y  of one de fec t ive  i n  n2 
pR00,002 = Probab i l i t y  of two de fec t ives  i n  n2 
pROOIR = Probabi l i ty  of t h r e e  or more de fec t ives  i n  n 
- Probab i l i t y  of zero de fec t ives  i n  n2 PRO1,O1O - 
pRO1,O1l = Probab i l i t y  of zero  de fec t ives  i n  n2 
2 
= Probabi l i ty  of two or more de fec t ives  i n  n2  PRO^ ,R 
= Probab i l i t y  of zero defec t ives  i n  n2 
= Probab i l i t y  of one or more de fec t ives  i n  n2 
pR02, 020 
pR02,R 
= Probabi l i ty  of zero  de fec t ives  i n  n2 
= Probab i l i t y  of one defec t ive  i n  n2 
= Probab i l i t y  of two de fec t ives  i n  n2 





Now note  t h a t  for kl = 2, k2 = 4; C1 = 0,  C2 = 2, only two of t h e  above 
s t a t e s  a r e  admissible--namely ROO and RO, i . e . ,  R01 and R02 exceed t h e  
C1 = 0 c r i t e r i o n  f o r  k = 2 samples following a r e j e c t i o n .  
1 
For t h e  f i r s t  of t he  admissible s ta tes  involving a r e j e c t i o n  i . e . ,  ROO,  
t h e  number of sample outcomes contained i n  t h e  s t a t e  = k + 1 = 3. 1 
Hence t r a n s i t i o n s  from t h i s  s t a t e  a r e  func t ions  of n2 and a r e  t h e  
same as  i n  t h e  above example. 
However, the number of sample outcomes contained i n  t h e  s ta te  RO < kl + 1 = 3 .  
Hence t r a n s i t i o n s  from t h i s  s t a t e  a r e  func t ions  of n1 s ince  two ( i . e . ,  kl) 
acceptable sample outcomes must fol low a r e j e c t i o n  before  passing t o  the  
second s tage of t he  c r i t e r i a .  
The possible  t r a n s i t i o n s  f r o m  t h i s  s ta te  i n  accordance with t h e  given 
acceptance c r i t e r i a  a r e  as follows: 
TECHNICAL REPORT NO. N-23 
I ssue  1 - Page 7 
= Probabi l i ty  of zero de fec t ives  i n  nl. 
= Probabi l i ty  of one o r  more defec t ives  i n  nl. 
'RO , ROO 
p ~ ~ ,  R 
Example 2 
L e t  kl = 3, k2 = 4; C1 = 0 ,  C2 = 2 .  
For t h i s  case, states ROO and RO are again admissible. However, t h e  
number of sample outcomes contained i n  both states ROO and RO < kl + 1 = 4. 
Hence t r a n s i t i o n s  from both states are func t ions  of nl. 
"ne poss ib le  t r a n s i t i o n s  a r e  a s  follows: 
= Probabi lkty of zero de fec t ives  i n  n1 
= Probab i l i t y  of one or more defec t ives  i n  n 
'ROO, 000 
1 P ~ ~ , ~  
= Probab i l i t y  of zero de fec t ives  i n  nl 
= Probab i l i t y  of one or m o r e  de fec t ives  i n  n1 
p ~ ~ ,  ROO 
hO,R 
previously ( in  the  e a r l i e r  reports) t h e  t r a n s i t i o n  p r o b a b i l i t i e s ,  pij, w e r e  
labeled:  Pd, d = 0 ,  1,. .., C2 and defined accordingly,  
Pd = Probab i l i t y  of d defec t ives  i n  a sample of n 
are labeled: P i  j For t h i s  report the  t r a n s i t i o n  p robab i l i t i e s ,  
d = 0 ,  1 ,..., C2; s = 1, 2 and a r e  defined as, 'd,ns* 
P = Probabi l i ty  of d defec t ives  i n  a sample of ns. 
d, nS 
Making use of t h i s  no ta t ion ,  the t ransi t ion p robab i l i t y  matrices f o r  a 
number of Markov cahins are given b e l o w .  These a r e  Markov cha ins  f o r  a 
se l ec t ed  group of t h e  sets of parameters which have been evaluated. 
lowing n ine  p lans  are i l l u s t r a t e d :  
The f o l -  
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i 
Algebraic so lu t ions  f o r  pa, t h e  proportion of l o t s  expected t o  be 
chains f o r  t h e  l i m i t i n g  p robab i l i t y  of t h e  r e j e c t i o n ,  "R", s t a te .  
Plan (1): 1 ,2 ;  0 , l  
S t a t e  a t  i t h  t r i a l  
0 1 I R 
1 
S t a t e  0 '0,n2 'l,n2 1 -iEoPi,n2 
a t  
t r i a l  
0, n2 
9 %  
(i-1) s t  1 1 - P  
R po,n, 1 - Po 
Fig.  2. Markov Chain f o r  ChSP(nl,n2)-0,1 Plan: (k l , k2 ;  C1,C2 = 1 , 2 ;  0 , l )  
Proceeding a s  i n  previous reports3,  4, t h e  so lu t ion  of t h e  l i m i t i n g  
1 1  probab i l i t y  of s ta te  R" from which 63a i s  obtained i s  as follows: 
Using (2) i n  (1) produces t h e  following equations: 
'O,n, 'RPo = 
P1 = p l , ~ p R  
TECHNICAL REPORT NO. N-23 
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(4) 
(5) 
using (4) and (5) i n  (3) gives t h e  r e s u l t  f o r  pR 
I t  i s  of i n t e r e s t  to check t h e  agreement of t h i s  r e s u l t  with the  spec ia l  
case of nl = n2 = n, f o r  which t h e  parameters being considered are those of a 
ChsP-0, 1 plan1 or more spec i f i ca l ly ,  the  ChSP-1 plan' with i = 1. 
- = Po, and Pz = P1, ( 7 )  reduces to ,  With Po Po,% 
9 %  9 %  
Pa = Po + Psi, which is the expected r e s u l t .  
Plan (2): 1,3; 0 , l  
S t a t e  a t  i t h  t r i a l  
00 01 10 RO R 
00 
S t a t e  01 
a t  
(i-1) st 
t r i a l  
RO 
R 
Fig. 3. Markov Chain f o r  ChSP(nl,n2)-0,1 Plan: (kl,kZ; C l , C 2  = 1 , 3 ;  0,1) 
- 
'RO - '0,q 'R 
Poo + Pol + P,, + PRO + 63, = 1 
Combining equations as before,  
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The r e s u l t  can a l s o  be checked against  t h e  s p e c i a l  case f o r  nl = n2 = n. 
With Po = Po, and P1 = P1, (14) reduces t o ,  - - "J% t 2  J"1 
Po + POP1 + Po 2 P1 
Pa = 
1 + POPl 
, which i s  t h e  r e su l t  
obtained from (l), page 8 of Reference 1 when kl = 1, and 
k2 = 3 .  
l " ICAL MCKRT NO. R-23 
lssue 1 - Page 13. 
01 State 





Plan (3): 2,3; 0,l 
State at  i t h  trial 
1 0 0  01 10 RO R 
i=O 
t . - Po,* 
Po,- - Po,- 
4 - p0,q 
* 
- 
Fig. 4.  Markov Chain for ChSP(nl,n2)-0,1 Plan: (Bl,k2; C1,C2 = 2,3; 0,l) 
e = pl,* 00 
pl, - P0,rgPOl 
PW + Pol + Pl0 + PRO + PB = 1 
- 
= 'O,%'R 
Combining equations a s  before, 
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= P  = Po, and P = P1, (21) reduces to, 
1,na Again l e t t i n g  P 0,"1 0 9 %  
Pa = P + P % 
plan with nl = n2 = n. 
which i s  t h e  r e s u l t  f o r  t h e  assoc ia ted  ChSP-O,l 
0 0 1' 
Plan (4): 1,2;  0 , 2  
S t a t e  a t  i t h  t r i a l  
I o  1 2 R 
1 . 1 - c Pi,% S t a t e  a t  
(i-1) st  
P 
1 9 %  i = O  
. - 
I R . 1 -  
Fig. 5. Markov Chain for  ChSP(nl,n2)-0,2 Plan: (kl,k2; C1,C2 = 1 ,2 ;  0 ,2 )  
63 + P  - Pl - 0 l ,naP1 
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6 = P2 Po 
2 7 %  (24) I 
Po + Pl + P2 + PR = 1 (a) 
These combine to give,  
With Po 7 %  - PO,% = Po7 P17% = P1 and P2,% = P2, (86) reduces to, 
which agrees  
Po + pop2 - PoPlP2 
1 - P1 Pa = 
with (19), page 13, Reference 3. 
Plan ( 5 ) :  1,3; 0 7 2  
S t a t e  a t  i t h  t r i a l  
00 01 10 11 02 20 RO R 
00 
01 
S t a t e  
(i-1) st 
t r ia l  







l - c p i  
J %  
%3 
"a - Po7- 
"a - PO,% 
ispi 7 n, p 1 7 %  p27 % 
% - PO,% 
2 
1 -  
Fig. 6.  Markov Chain f o r  ChSP(nl7n2)-O72 Plan: (k17k2; C17C2 = 1,3; O,2) 
.- - 
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Plan ( 6 ) :  2,3; 1 , 2  






S t a t e  
a t  
t r i a l  
( i-1) s t  02 
20 
RO 
R 1  
R 


































pl , r$  
1 
i = O  
1 
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S t a t e  
a t  
(i-1) st 




S t a t e  a t  i t h  t r i a l  
0 1 2 3 R 
pl,nap2,%p3, )-'l, % -'l,nsP2, % 1 (32) 
= P3, <32) - 3, na With PO,? - Po,% = Po, P l , %  = P1, Pa,* = Pa, and P 
reduces to ,  
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agrees with (91, page 4, Reference 4. 
l- PO,% 
. PO,% 
. . - l- PO,% 
0 . . l- PO,% 




Plan (9): 2,3; 0 , 3  
State a t  i t h  trial 
00 01 10 11 02 20 21 12 03 30 RO R 
l1 I = . 
. 21 
F i g . l O .  Markov Chain for ChSP(nl,n2)-0,3 Plan: (kl,k2; C1,C2 = 2 , s ;  0,3) 
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By t h e  use  of the  theory of Markov chains ,  t h e  opera t ing  c h a r a c t e r i s t i c s  
f o r  a given value of f r a c t i o n  de fec t ive  p over  t h e  e f f e c t i v e  range of p have 
been c a r r i e d  out f o r  a l a r g e  number of ChSP(n 
0 , l ;  0 ,2 ;  0,3 and 1,3; k2 = 2 ,3  and 5 and n1 = 2n2, f o r  n2 = 5, 10, and 100 
have been evaluated. OC curves f o r  t hese  p lans  are shown i n  Appendix A ,  
Figs .  11 through 16. 
n ) plans.  P lans  with C1,C2 = 
1’ 2 
Determination of ASN 
As noted, t h e  sampling p lans  being considered here  r e s u l t  i n  a va r i ab le  
amount of sampling inspect ion.  A measure of t h i s  amount as a func t ion  of t h e  
f r a c t i o n  defec t ive  i s  t h a t  of t h e  average sample s i z e  or Average Sample Number 
(ASN) as it  i s  ca l led .  This  s t a t i s t i c  can r e a d i l y  be determined f o r  t h e  n1,n2 
chain sampling p lans  i n  terms of t h e  l i m i t i n g  p r o b a b i l i t i e s  of t h e  appropr ia te  
states.  
I n  general  t h e  ASN i s  as follows: 
+ n2 P % ,  where ASN = n P 
1 “1 
= Proportion of t r i a l s  (e.g. lo ts)  f o r  which nl i s  required.  
= Proport ion of t r i a l s  (e.g. lo ts)  f o r  which % i s  required 




To i l l u s t r a t e  with an example, consider t h e  ChSP(nl,n2)-0,2 plan with 
parameters (nl,n2; 1 ,2 ;  0 ,2 ) .  
The poss ib le  states of t h e  sampling process  are: 0 ,1 ,2  and R,  represent ing  
t h e  cumulative de fec t ives  over k2-1 trials. 
r e j e c t i o n  f o r  one (kl=l) t r i a l .  
nl i s  required a f t e r  each 
This  occurs  with p robab i l i t y  PR. 
= p R ;  P% = 1-63~, and 
“1 
Hence, P 
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To explore this more generally a sanewhat more complicated example 
must be considered, say ChSP(nl,n2)-0,2 with parameters (nl,n2; 2,3, ; 0 ,2 ) .  
The possible states are: 00, 01, 10, 11, 02, 20, BO, and R. 
In this case we cannot say that nl will be required twice (kl=2) after 
each rejection since rejections can occur consecutively, 
However only two states can be reached following a rejection, i.e., 
R and RO, the 1st <i.e. R) when a second rejection results and the 2nd (i.e. RO) 
when an acceptance (IKC,) results. 
- and after each acceptance just preceded by a rejection. 
Thus nl is required after each rejection 
Hence P = pR + PRO 4 
Psz = l+R4'm = F Pi , i = 00, 01, 10, 11, 02, 20 
. with fraction defective, p. 
Note that for each of the 4 x 0  cases considered above, when nl = n2 = n, 
ASN = n. 
In general then, 
for k1 = 0 , nl is not used. 
kl = 1, nl i s  required after each rejection, for a l l  k2, 
i.e. k 2 kl+l 2 
P 4  = PR 
kl 2 2, nl is required after each rejection and after from one 
to kl-1 acceptances j u s t  preceded by a rejection. 
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P = %pjJ i .e .  t h e  sum of t h e  l i m i t i n g  p r o b a b i l i t i e s  
j a  
of those  states s a t i s f y i n g  t h e  above 
condi t ions.  8 corresponds t o  t h e  set of 
a l l  s ta tes  of t h e  assoc ia ted  Markov chain 
which involve an R and conta in  kl or less 
sample outcomes (counting R ) .  
(Note t h a t  t h i s  holds  f o r  kl = 1 a l so ,  
s ince  t h e  only s ta te  s a t i s f y i n g  t h i s  
condi t ion i s  "R" i t s e l f )  
'thus, ASN = n1 63.+ n2(1-C 8.) 
j c 8  J js8 J 
A previous repor t3  conta ins  t h e  procedure f o r  so lv ing  t h e  Markov chains  
f o r  t h e  l imi t ing  p r o b a b i l i t i e s  of t h e  states with p a r t i c u l a r  emphasis on the  
"R" s t a t e  so tha t  6'a = 165, i s  obtained. By t h e  same procedure t h e  l i m i t i n g  
p r o b a b i l i t i e s  of t h e  o the r  s ta tes  can be found i n  o rde r  t o  determine ASN. 
The s ta tes  f o r  which l i m i t i n g  p r o b a b i l i t i e s  are needed, as noted above, are 
those s ta tes  containing an R .  These are r ead i ly  reduced t o  func t ions  of 
63, from t h e  Markov chains by 
cons t ruc t ion  of t h e  states. 
t h e  following r e l a t i o n  and by t h e  na tu re  of t h e  
j s  8 (34) 
where s = 
- P i j  - 
t he  Q o t a l  number of s t a t e s  
t h e  t r a n s i t i o n  p r o b a b i l i t i e s ,  genera l ly  
denoted by P i . e .  t he  p robab i l i t y  of g e t t i n g  
i de fec t ives  i n  a sample of n with f r a c t i o n  de fec t ive ,  p. 
i' 
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e.g. f o r  (n1,n2; 2,3; 0,2) 
where Po = t h e  p robab i l i t y  of g e t t i n g  zero  'RO = 
defec t ives  i n ' a  sample of nl 
wi th  f r a c t i o n  de fec t ive  p. 
and for (n,, n2; 4,5; 1,2) 
s imi la ry  defined. 
For t he  spec ia l  case of nl = 2n2 which app l i e s  t o  a l l  of t he  s p e c i f i c  
eva lua t ions  c a r r i e d  out  i n  the present repor t ,  t h e  formulation of ASN reduces 
f u r t h e r .  In t h i s  case expression (33) becomes, 
5 ASN = n2 + n2 j e s  (35) 
Fur ther  study has shown that for t he  Ch&P-O,l; 0,2; 1,2;  0,3 and 1,3 plans  
with k2 = 2,3 and 5 wh&ch are considered i n  t h i s  report, f i v e  d i s t i n c t  formulas 
f o r  ASN r e s u l t .  These are as follows: 
For a l l  p lans  with kl = 1, f r o m  (1 ,2;  0 , l )  t o  (1,5; 1,3), 
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For p lans  with C1,C2 = 1 , 2  and 1,3 and kl = 2, 
ASN = n2 + n2(l+Po + P,) PR 
For p l a n s  with C1,C2 = 1 , 2  and 1,3 and kl = 4, 
where i n  a l l  cases Po and P1 denote t h e  p r o b a b i l i t i e s  
defec t ives  i n  a sample of nx with f r a c t i o n  de fec t ive ,  
Formulas (36) through (40) have been used t o  ob ta in  t h e  r e s u l t s  




presented i n  Appendix B. 
k2=1,2; 1,3; and 2 , 3  i s  shown i n  Fig.  17. 
and 4 , 5  i s  shown i n  Fig. 18. These sets correspond d i r e c t l y  t o  t h e  ChSP 
p lans  f o r  which t h e  OC curves a r e  presented i n  Figs .  15 and 16,  Appendix A. 
The ASN curves for  t h e  sample s ize  combination, nl=200, n2=100, a r e  shown 
a s  being r ep resen ta t ive  of t h e  e f f e c t  of t h e  ChSP parameters on t h i s  property.  
A set of ASN curves f o r  nl=200, n2=100 f o r  kl, 
Another set  f o r  kl,k2=1,5; 2 ,5 ;  
DISCUSSION OF OPERATING CHARACTERISTICS 
The OC curves shown i n  F igs .  11 through 16 of Appendix A have been 
arranged d i f f e r e n t l y  than those  of t h e  preceding r e p o r t s .  
two pages each a r e  used f o r  t h e  d i f f e r e n t  sample size combinations--Figs. 
11 and 12  f o r  nl=lO, n2=5; Figs .  13 and 14 f o r  nl=20, n2=10; and Figs .  15 
and 16 f o r  nl=200, n2=100. 
d i f f e r e n t  k l , k2  combinations--kl,k2=1,2; 1,3; and 2 , 3  on t h e  f i r s t  page of 
a set and kl,k2=1,5; 2,5; and 4 ,5  on t h e  second page of a set. 
e f f e c t  of changing k l  i s  shown between each of t h e  ind iv idua l  c h a r t s  a s  i s  
Three sets of 
Each c h a r t  w i th in  a page conta ins  OC curves f o r  
Thus t h e  
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t h e  e f f e c t  of changing k2 a lso .  
each ind iv idua l  chart. By t h i s  arrangement the  combinations of Ci, i ,e. 
C1,C2=0,1; 0 ,2  and 1,2;  0 , 3  and 1,3, of t h r e e  preceding reports1s3r4 are 
a l l  covered in this s i n g l e  report f o r  the  more general  ChSP(nl,n2)-C1,C2 
plans.  The OC curves a r e  of Type B*, based on p r o b a b i l i t i e s  of sampling 
The e f f e c t  of d i f f e r e n t  Ci is shown within 
from a process.  
By comparing t h e  OC curves of t h i s  report with those of t h e  previous 
r epor t s  i t  can be seen that a l l  of t he  OC curves presented here  a r e  t ightened 
considerably over t h e i r  constant n counterpar ts  (*ere n=n2 of these  p lans) ;  
t he  s c a l e s  have been halved. However, within this t ightened range of p values  
it i s  seen t h a t  t h e  e f f e c t s  of kl,k2,C1, and C are t h e  same as f o r  t h e  2 
constant  n case. W e  need only t o  summarize these  e f f e c t s ,  then. 
Ef fec t  of kl and k2 
Increasing kl from 1 up to k2-1 has t h e  e f f e c t  of t igh ten ing  (i.e. lowering) 
the  OC curves,  more d ras t i ca l ly .  f o r  ChSe(n ,n  )-0,C2 than f o r  ChSP(nl,n2)- 
1,C2. 
p lans  and because they a r e  not p a r t  of t h e  ChSP(nl,n2) s e t  of plans (i.e. they 
involve only one stage).  
1 2  
(The k =O plans  are not shown due t o  the  poor discr iminat ion of t hese  1 
Increasing k2 a l s o  has  t h e  e f f e c t  of t igh ten ing  
t h e  OC curves, 
i s  accompanied by a somewhat poorer discr iminat ion.  
However, i n  t h e  case of a f ixed  kl, say kl=l, t h i s  t i gh ten ing  
For t h e  p lans  i n  which 
k =k -1, t h e  e f f e c t  of increas ing  kp is  t o  t i g h t e n  t h e  OC curves considerably.  1 2  
Effec t  of C1 and C2 
In  the  ChSe-C1,C2 plans of previous r e p o r t s  it w a s  noted t h a t  t he  e f f e c t  
of using a 0 , l ;  0,2; or 0,3 chain sampling plan i s  t o  add a swel l ing on the  
* 
See Reference 8 ,  pp. 56-60. 
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underlying OC curve of t h e  c = O ,  given n,  s i n g l e  sampling p lan .  I t  was a l s o  
noted t h a t  t he  swelling inc reases  ( p a r t i c u l a r l y  f o r  l o w  va lues  of f r a c t i o n  
de fec t ive ,  p) by going success ive ly  from a 0 , l  t o  a 0,2 and 0 , 3  plan.  I t  
can be seen from the  OC curves presented h e r e  t h a t  a s i m i l i a r  e f f e c t  i s  t r u e  
f o r  t h e  ChSP(nl,n2)-0,C2 p lans ,  although h e r e  t h e  swelling i s  added t o  t h e  
c=o J nl, s ing le  sampling p lan ,  The ChSP(nl,n2)-1,C;2 p lans ,  l i k e  t h e i r  constant 
n counterpar t s ,  have less d iscr imina t ing  OC curves. 
The cos t  t h a t  is  incur red  i n  terms of a d d i t i o n a l  i n spec t ion  e f f o r t  f o r  
t h e  g r e a t l y  improved d iscr imina t ion  and t i gh ten ing  of t h e  OC curves of t h e  
ChSP(nl,n2)-C,,C2 p lans  (with nl=2n2) is  provided, t o  a large ex ten t ,  by 
t h e  average sample number, ASN. A s  noted, sample sets of ASN curves f o r  
nl=200, n2=100 a r e  shown i n  Figs .  17 and 18 of Appendix B. I t  can be seen 
from these  curves t h a t  ASN i s  e f f ec t ed  most s i g n i f i c a n t l y  by t h e  parameter 
kl (which, of course, s p e c i f i e s  t h e  number of samples of n requi red  a f t e r  
each r e j ec t ion ) .  In  genera l ,  t h e  curves tend t o  support t h e  use  of p lans  
with t h e  smaller kl values ,  i. e.  k l= l  o r  2. 
1 
To f a c i l i t a t e  comparison.of t h e  ChSP(nln2)-Cl,C2 p lans  wi th  t h e i r  ChSP- 
C1,C2 counterpar t s ,  two add i t iona l  sets of OC curves a r e  presented i n  F igs .  
19 and 20 of Appendix C. 
k ,k2=1,2; 1 ,3;  2,3, and l J 5 ;  C1,C2=0,1 and 0,2 f o r  n1,n2=20,10 and f o r  n=10. 
F ig .  20 contains OC curves f o r  parameter sets: kl,k2=1,2, 1,3, 2 , 3 ,  and 2 , 5 ;  
C1,C2=0,2 and 0,3 f o r  nl,n2=200,100 and f o r  n=100. 
i l l u s t r a t e  t he  e f f e c t  of t h e  l a r g e r  sample s ize  i n  t h e  f i r s t  s t age ,  i . e .  
nl=2n 
Fig. 19 conta ins  OC curves f o r  parameter sets; 
1 
The curves c l e a r l y  
2' 
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Appendix A: Operating Charac t e r i s t i c  Curves f o r  ChSP(nl,n2)-C;~, C2 P f a i i s  
OC curves for the following plans a r e  presented here.  Figs.  11, 12; 
13, 14; and 15, 16 g ive  OC curves f o r  sample s i z e  combinations, nl,n2=10,5; 
20,lO; and 200,100 respec t ive ly .  
Figs.  11.1, 13.1 and 15.1 Figs.  11.2, 13.2 and 15.2 Figs. 11.3, 13.3 and 15.3 
n l , n g l 0 , 5 ;  20,10; 200,100 nl,n2=10,5; 20,lO; 200,100 n1,n2=10,5; 20,lo; 200,100 
lGi&%ce& 
1 2 1 3  
1 2 1 2  
1 2 0 3  
1 2 0 2  
1 3 0 3  
1 3 0 2  
& I r Z . w &  
2 3 1 3  
2 3 1 2  
2 3 0 3  
2 3 0 2  
1 2 0 1  1 3 0 1  2 3 0 1  
Figs. 1201,  14.1 and 16.1 
nl,n2=10,5; 20,lO; 200,100 n l , n ~ 1 0 , 5 ;  20,lO; 200,100 nl,np=10,5; 20,lO; 2- 
Figs. 12.2, 14.2 and 16.2 Figs. 12.3, 14.3 and 16.3 
k k C C 2  k l  k2 c1 c2 az1- ----
1 5 1 3  2 5 1 3  
1 5 1 2  2 5 1 2  
1 5 0 3  2 5 0 3  
1 5 0 2  2 5 0 2  
1 5 0 1  2 5 0 1  
k l  k2 c1 c=2 - - -_  
4 5 1 3  
4 5 1 2  
4 5 0 3  
4 5 0 2  
4 5 0 1  
0 .10 .15 .20 .25 .05 
Fraction Defective. p 
I 0 .05 .10 .15 .20 .25 .30 * 35 









0 .05 .10 .15 .m .25 .30 .35 .40 I 
I Fraction Defective. p 
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1 I 
Fig. 11. OC Curves for CJISP(~O,~)-C~,C~ Plans, kl,k2 = 1,2; 1,3; 2,3. 
I F r a c t i o n  Defective, p 
a 
0 I .m .25 .30 .35 .05 . lo .15 F r a c t i o n  D e f e c t i v e ,  p 
F r a c t i o n  D e f e c t i v e ,  p 
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0 2.00 I .0025 .w50 .0075 .OlW .0125 .0150 .0175 Fraction Defective. p .25 .50 .75 1.00 1.25 1.50 , 1.75 
" 
0 .0075 .0100 .0125 .0150 .0175 . o m  
1.00 1.25 1.50 1.75 2.00 
pn 
.W25 .0050 
Fraction Defective, P 
0 .25 .50 .75 
F i g .  15. OC Curves for ChSP(ZOO,lOO)-Cl,C2 Plans, k1,k2 = 1,2; 1,3; 2,3. 
a 
0 .W25 . 0 0 m  .0075 .OlW .0125 .0150 .0175 . om0 
.25 .50 .75 1.00 1.25 1-50  1.75 2.00 
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Fig. 16. OC Curves for ChSP(200,100)-Cl,C~ Plans, k1,kZ = 1,5; 2,5; 4,s. 
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Appendix B: Average Sample Number Curves for ChSP(n1, n2) -C1, C2 Plans 
ASN curves f o r  t h e  following plans a r e  presented here,  f o r  t h e  
sample size combination n l , n ~ 2 0 0 , 1 0 0 .  
Fig. 17.1 
5 9 ! 5 L l z  
1 2 1 3  
Fig. 17.2 
E l 9 9 2 2  
1 3 1 3  
1 2 1 2  1 3 1 2  
1 2 0 3  1 3 0 3  
1 2 0 2  1 3 0 2  
1 2 0 1  1 3 0 1  
Fig. 18.1 
! ! l I r zS l !?z  
1 5 1 3  
1 5 1 2  
1 5 0 3  
1 5 0 2  
1 5 0 1  
Fig. 18.2 * 
9 h S l 2 2  
2 5 1 3  
2 5 1 2  
2 5 0 3  
2 5 0 2  
2 5 0 1  
Fig. 17.3 
! ! l k , 9 2 2  
2 3 1 3  
2 3 1 2  
2 3 0 3  
2 3 0 2  
2 3 0 1  
Fig. 18.3 
. hIrzcls2 
4 5 1 3  
4 5 1 2  
4 5 0 3  
4 5 0 2  
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0 .0025 .w50 ,0075 .i)lOo ,0125 ,0150 ,0175 ,0200 
0.25 0.50 0.75 1 . W  1.25 1.50 1.75 2.00 







0 .W25 .w50 ,0075 .01w .0125 .01SO ,0175 .0200 
1.25 1.50 1.75 2.00 
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pn 
Fig. 18. ASN Curves for C%SP(200,100)-C~,C2 Plans, kl,k2 = 1,s; 2,s; 4,s. 
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Appendix C: Operating C h a r a c t e r i s t i c  Curves for ChSP(nl,n2)-C1, C2 and 
ChSP-C1, C, Plans. 
c 
I OC curves for the following plans are presented here. 
I F i g .  19.3 F i g .  19.4 F i g .  19.1 F i g .  19.2 
1 2 0 1  1 3 0 1  2 3 0 1  1 5 0 1  
2010 1 2  0 2 2010 1 3  0 2 2010 2 3 0 2 2010 1 5  0 2 
1 2 0 1  1 3 0 1  2 3 0 1  1 5 0 1  
F i g .  20.1 F i g .  20.2 Fig .  20.3 F i g .  20.4 
"1 "2 3 k2 c1 c2 "1 n2 kl k2 c1 cz 3 "2 kl k2 c1 cz "1 2 1 k k C %  2 A --- ---- - 
100100 1 2 0 3 ID0100 1 3 0 3 100100 2 3 0 3 100100 2 5 0 3 
1 2 0 2  . 1 3 0 2  2 3 0 2  2 5 0 2  
200100 1 2 0 3 m1aI 1 3 0 3 200100 2 3 0 3 2001(10 2 5 0 3 
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